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Ž .In 1940, S. M. Ulam proposed the following problem: Let G , be a1
Ž . Ž .group, G , be a metric group with the metric d , , and  0. Does2
there exist a  0 such that if f : G G satisfies1 2
d f x y , f x  f y   for all x , yG ,Ž . Ž . Ž .Ž .
then there exists a homomorphism h: G G with1 2
d f x , h x   for all xG ?Ž . Ž .Ž . 1
 In 1941, D. H. Hyers 9 answered this problem for the case where G is a1
real normed space and G is a Banach space.2
In 1978 a generalized solution to the Ulam problem was given by Th. M.
Rassias.
Ž  .THEOREM 1 Th. M. Rassias 19 . Consider E to be a real normed space1
and E a real Banach space and f : E  E to be a mapping such that2 1 2
Ž .t f tx is continuous in t for each fixed x. Assume that there exist  0
 .and p 0, 1 such that
    p   pf x y 	 f x 	 f y   x  y for any x , y E .Ž . Ž . Ž . Ž . 1
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Then there exists a unique linear mapping T : E  E such that1 2
2 p   f x 	 T x  x for any x E .Ž . Ž . 1p2	 2
The Hyers result is obtained for p
 0.
 The proof given in 19 works also for p 0.
Th. M. Rassias posed the problem whether such a theorem can also be
proved for p 1.
In 1991, Z. Gajda gave an answer to this problem for the case p 1.
Z. Gajda proved also that a stability theorem cannot be proved for p
 1.
Ž  .PROPOSITION Z. Gajda 2 . Let  0. There exists a function f : R R
such that
     f x y 	 f x 	 f y   x  y for all x , y R,Ž . Ž . Ž . Ž .
but at the same time, there is no constant  0 and no additie function T :
R R satisfying the condition
   f x 	 T x   x , x R.Ž . Ž .
 For another proof, see 21 .
We give a more simple proof of this Proposition.
Ž .   Ž .We take f : R R, f x 
 x ln x , if x 0 and f 0 
 0. We prove that
     f x y 	 f x 	 f y  x  y for all x , y R.Ž . Ž . Ž .
Indeed, if x, y 0 we have
y x
 f x y 	 f x 	 f y 
 x ln 1  y ln 1  x y ,Ž . Ž . Ž . ž / ž /x y
Ž .where we use the inequality ln 1 t  t, t 0. If x 0, y 0, and
x y 0
 f x y 	 f x 	 f yŽ . Ž . Ž .
 
 f x y  f 	x 	 f y 	x x y
 yŽ . Ž . Ž .
and if x 0, y 0, and x y 0
 f x y 	 f x 	 f yŽ . Ž . Ž .
 
 	 f 	x	 y  f 	x 	 f y 	x	 y y
	x.Ž . Ž . Ž .
If x
 0 or y
 0 or x 0, y
	x the inequality is clear.
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If T : R R is an additive function, then
   f x 	 T x f n 	 T nŽ . Ž . Ž . Ž .
 sup  sup 
 sup ln n	 T 1 
 .Ž .
 x nx0 nN nN
n0 n0
Extensions of the Rassias Theorem were given also in 1, 48, 11, 12,
1417 .
 A recent important book 10 of D. H. Hyers et al. was dedicated to the
problem of stability of functional equations.
We remember here the following result.
Ž  .THEOREM 2 G. Isac and Th. M. Rassias 12 . Consider E to be a real1
normed space and E a real Banach space. Assume that f : E  E is a2 1 2
Ž .mapping such that the function t f tx from R to E is continuous for each2
fixed x E . Assume that there exist  0 and p , p  R such that1 1 2
p  p  1 or 1 p  p .2 1 2 1
If the following inequality is satisfied
    p1   p2f x y 	 f x 	 f y   x  yŽ . Ž . Ž . Ž .
Ž  4 .for all x, y E for all x, y E  0 if p  0 or p  0 , then there exists1 1 2 1
a unique linear mapping T : E  E such that1 2
  p1   p2x  x
 f x 	 T x   , for all x EŽ . Ž . 1p12	 2
Ž  4 .if p  p  1 for all x E  0 if p  0 or p  0 or2 1 1 2 1
  p1   p2x  x
 f x 	 T x   ,Ž . Ž . p22 	 2
for all x E , if 1 p  p .1 2 1
 In their paper 12 , G. Isac and Th. M. Rassias posed the following
Open Problem. It seems to be interesting to investigate if a theorem
similar can be shown when p  1 p .2 1
This question was asked also by Th. M. Rassias during the 31st Interna-
Ž  .tional Symposium on Functional Equations, Debrecen, 1993 see 20 .
We remark that if p 
 0, a positive answer follows from the following2
  Ž .result of R. Ger 3 : Let G, be an amenable group and E be a2
reflexive Banach space. Let f : G E be a function satisfying the2
inequality,
 f x y 	 f x 	 f y  F x , x , yG ,Ž . Ž . Ž . Ž .
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where F: G R is a given function. Then there exists an additive function
T : G E such that2
 f x 	 T x  F x , xG.Ž . Ž . Ž .
Ž .   ŽIn particular, we can take F x 
 x , xG, if G is a normed space see
 .also 13 . In this paper we give an answer to the above problem in the case
of great interest 0 p  1 p  .2 1
THEOREM 3. Let 0 p  1 p  . Then there exists a constant2 1
Ž .c
 c p , p  0 and there exists a function f : R R such that1 2
    p1   p21 f x y 	 f x 	 f y  c x  yŽ . Ž . Ž . Ž . Ž .
for all x, y R and
 f x 	 T xŽ . Ž .
2 sup 
 Ž .  xx0
for eery additie mapping T : R R and all  R.
Proof. We take f : R R,
 x ln x , if x 0f x 
Ž . ½ 0, if x
 0.
We use the RogersHolder inequality¨
u p  q
3 u     ,Ž .
p q





Ž .For a nice discussion of the inequality 3 see the recent paper of L.
 Maligranda 18 .
Ž . m 1	mWe take in 3 , u
 x ,  
 y , where x, y 0. We obtain
x m p y Ž1	m.q
m 1	mx y   .
p q
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We determine m, p such that
4 mp
 p , 1	m q
 p .Ž . Ž .1 2
Ž .The unique solution of 4 is




1	 p p 	 p2 1 2
Since 0 p  1 p we have2 1
1 1
p p m 1	m1 25 x  y min , x y .Ž . ž /p q
For x, y 0, we have
y x
 f x y 	 f x 	 f y 
 x ln 1  y ln 1 .Ž . Ž . Ž . ž / ž /x y
We prove that
y x
m 1	m6 x ln 1  y ln 1  cx y ,Ž . ž / ž /x y
for all x , y 0 and c
 c m  0.Ž .
Ž .The inequality 6 is equivalent to the inequality
1	m mx y y x
7 ln 1  ln 1  c.Ž . ž / ž /ž / ž /y x x y
We consider the function
1 1
1	mF t 
 t ln 1  ln 1 t , t 0.Ž . Ž .m mž /t t
Since
lim F t 
 lim F t 
 0Ž . Ž .m m
t0 t
t0
Ž .and F is continuous on 0, , it follows that F is a bounded function.m m
Ž .Then 7 holds.
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Ž . Ž .From 5 and 6 it follows that
  p1 p28 f x y 	 f x 	 f y  K x  y , for all x , y 0,Ž . Ž . Ž . Ž . Ž .
Ž .where K
 K p , p .1 2
Ž . Ž .We prove 1 for all x, y R. If x
 0 or y
 0 the inequality 1 is
clear. We consider x 0, y 0, and x y 0. We denote 	x
 u,
x y
 . We have
    p1 p2f x y 	 f x 	 f y 
 f   f u 	 f u  K u Ž . Ž . Ž . Ž . Ž . Ž . Ž .
p1 p2   p1   p2 K u  y  K x  y .Ž . Ž .
We consider x 0, y 0, and x y 0. We denote 	x
 u, 	x	 y

w. It follows
   f x y 	 f x 	 f y 
 	 f w  f y w 	 f yŽ . Ž . Ž . Ž . Ž . Ž .
 K w p1  y p2Ž .
  p1   p2 K x  yŽ .
because w	x.
If x 0 and y
	x 0 we have
 f x y 	 f x 	 f y 
 0.Ž . Ž . Ž .
Ž . Ž .If x 0, y 0 the inequality 1 is equivalent to 8 .
We have for  1
     f x 	 T x f n 	 T n n ln n	 T 1Ž . Ž . Ž . Ž . Ž .
sup  sup 
 sup 
 .   x n nx0 nN nN
n1 n1
We have, for  1,
1 1 1     f x 	 T x f 	 T ln n T 1Ž . Ž . Ž .Ž . Ž .n n n
sup  sup 
 sup 
 . 1 1 x  x0 nN nNn n
n1 n1
The Theorem is proved.
 The notion of a -additive mapping was introduced in 11 .
DEFINITION. Let  : R  R be a mapping, E and E normed  1 2
spaces. A mapping f : E  E is called -additive if there exists  01 2
such that
     f x y 	 f x 	 f y    x   yŽ . Ž . Ž . Ž . Ž .Ž .
for all x, y E .1
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 In their paper 12 , G. Isac and Th. M. Rassias proved the following
theorem for a normed space E and a Banach space E .1 2
THEOREM 4. Suppose that  erifies
 tŽ .Ž .A1 lim 
 0
tt
Ž . Ž . Ž . Ž .A2  ts   t  s , for all t, s 0
Ž . Ž . Ž . Ž .A3  t s   t   s , for all t, s 0
Ž .A4  is monotone increasing on R .
Ž . Ž .A5  t  t, for all t 1.
Then f : E  E is a -additie mapping if and only if there exists a constant1 2
c 0 and an additie mapping T : E  E such that1 2
   f x 	 T x  c x , for all x E .Ž . Ž . Ž . 1
We give a new characterization of -additive mappings.
THEOREM 5. Let E be a normed space and E a real Banach space. We1 2
Ž . Ž . Ž .suppose that  erifies A2 , A3 , A4 , and
Ž . Ž .A5	 there exists a t  0 such that  t  t .0 0 0
The f : E  E is a -additie mapping if and only if there exists c 0 and1 2
an additie mapping T : E  E such that1 2
   9 f x 	 T x  c x , for all x E .Ž . Ž . Ž . Ž . 1
Ž .Proof. From the condition A5	 it follows that there exists a positive
integer n such that0
 t nŽ .0 0
 .
t n  10 0
Let t n t . We can write t
 nt  r , where n n , n integer, 0 r0 0 0 0 0 0
 t . It follows0
 t   nt   r  n t   tŽ . Ž . Ž . Ž . Ž .0 0 0 0
hence
 t n 1  t n 1  t n  1  tŽ . Ž . Ž . Ž . Ž . Ž .0 0 0 0     1,
t nt  r nt n t0 0 0 0 0
n 1 4since the sequence is nonincreasing.n
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  Ž .We use the following result, proved in 6 : Let G, be an abelian
Ž  .Group, E,  a Banach space, and k 2 an integer. If 
 : GG
 .0, is a mapping such that
 n n
 k x , k yŽ .
 x , y   , for all x , yG ,Ž . Ýk n1kn
0
and f : G E is a mapping with the property
 f x y 	 f x 	 f y  
 x , y , for all x , yG ,Ž . Ž . Ž . Ž .
then there exists a unique additive mapping T : G E such that
k	1




 E , E
 E , and1 2
   
 x , y 
   x   y , x , y E .Ž . Ž . Ž .Ž . 1
Ž .From A2 it follows
nn k   kŽ . Ž .Ž .
and
n n n    
 k x , k y   k  x   yŽ . Ž . Ž . Ž .Ž .
n
      k  x   yŽ . Ž . Ž .Ž . Ž .
hence
n  k 1Ž .
    x , y    x   yŽ . Ž . Ž .Ž .Ýk ž /½ 5k kn
0

     x   y .Ž . Ž .Ž .
k	  kŽ .
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It follows
k	1 k	1
  x , mx  1  m  x .Ž . Ž . Ž .Ž .Ý Ýk ½ 5k	  kŽ .m
1 m
1
By the above result it follows that there exists an additive mapping T :
E  E such that1 2




 k	 1  m .Ž .Ýž /k	  kŽ . m
1
Conversely, we have
 f x y 	 f x 	 f yŽ . Ž . Ž .
      f x y 	 T x y  T x 	 f x  T y 	 f yŽ . Ž . Ž . Ž . Ž . Ž .
      C  x y   x   yŽ .Ž . Ž .Ž .
        C  x  y   x   yŽ .Ž . Ž .Ž .
    2C  x   y .Ž . Ž .Ž .
Ž .Remark 1. The condition A5	 is essential in our Theorem. Indeed the
Ž . Ž . Ž . Ž . Ž .function  t 
 t verifies A2 , A3 , A4 but not A5	 and the mapping
f : R R from the above Example is -additive and does not verify a
Ž .relation of type 9 .
Ž . Ž . Ž .Remark 2. There exist functions  that verify A3 , A4 , A5	 , but do
Ž .not verify A2 . For example,
t
 t 
 , t 0.Ž .
t 1
Ž . Ž . Ž .Remark 3. There exist functions  that verify A2 , A3 , A5	 which
Ž .do not verify A4 . For example,
1 t





Ž . Ž . Ž .Remark 4. There exist functions  that verify A2 , A4 , A5	 which
Ž .do not verify A3 . For example,
 1, if t 0, 1
 t 
Ž . ½ 3, if t 1, .Ž .
Ž .  We prove that  verifies A2 . We consider t, s 0. If ts 0, 1 , then
Ž . Ž . Ž . Ž . ts 
 1  t  s and if ts 1, then t 1 or s 1, hence  ts 
 3
Ž . Ž . Ž . Ž .and  t 
 3 or  s 
 3. The function  verifies A4 , A5 , but does
2 2 4 2 2Ž . Ž . Ž . Ž . Ž .not verify A3 . Indeed,   
  
 3 and    
 2.3 3 3 3 3
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